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A b s t r a c t  
The Young-Laplace equa t ion  i s  so lved  f o r  three-dimensional  menisc i  between c r o s s e d  
c y l i n d e r s ,  w i t h  e i t h e r  t h e  c o n t a c t  l i n e  f i x e d  o r  t h e  c o n t a c t  a n g l e  p r e s c r i b e d ,  by means of 
t h e  G a l e r k i n / f i n i t e  element method. Shapes a r e  computed, and w i t h  them t h e  p r a c t i c a l l y  
important  q u a n t i t i e s :  d r o p  volume, we t ted  a r e a ,  c a p i l l a r y  p r e s s u r e  f o r c e ,  s u r f a c e  t e n s i o n  
f o r c e ,  and t h e  t o t a l  f o r c e  e x e r t e d  by t h e  d r o p  on each  c y l i n d e r .  
1. Problem s ta tement  
A l i q u i d  d r o p  between s o l i d  f i b e r s  (F ig .  1) c o n s t i t u t e 3  a  three-phase  system whose 
thermodynamic a e s ~ r i p t i o n  may become q u i t e  inva lved  ( c f .  Huh 1 9 6 9 ) .  However, even without. 
g r a v i t y ,  i f  t h e  f l u i d - s o l i d  c o n t a c t  l i n e  d i f f e r s  from a  c i r c l e ,  o r  two c o a x i a l  c i r c l e s ,  
t h e  d rop  s u r f a c e  g e n e r a l l y  form6 a  three-dimensional  meniscur of c o n s t a n t  cur -~ .a tu re ,  d i f -  
f i c u l t  t o  app,oximate from experiment and n o n - t r i v i a l  t o  compute from theory .  I n  l a r g e  
d rops ,  g r a v i t y  j o i n s  s u r f a c e  t e n s i o n  i n  t h e  moldin,? of shape and t h e  s i t u a t i o n  becomes 
even more complex. The s u r f a c e  energy of  t h e  system i n  t h e  absence of g r a ~ i t y  is  
E = aLVSLV + (aLS - oSV) sLS + E~ . 
l i q i v a p  l i q / s o l - s o l / v a p  so l /vap  datum 
llere t h e  s o l i d  s u r f a c e  i s  r i g i d  and t h e  s o l i d - l i q u i d  vapor i n t e r a c t i o n s  a r e  L e s c r i b e d  by 
t h e  c o n s t a n t  i n t e r f a c i a l  t e n s i o n s  oLVt aLSl and oSV. 
Equi l ib r ium d r o p  shapes  make t h e  s u r f a c e  energy s t a t i o n a r y ,  i .e.  6E = 0 f o r  a l l  p e r t u r -  
b a t i o r ~ s  t h a t  l e a v e  t h e  d rop  volume f i x e d ,  6V = 0 ,  a ~ l d  oithe18 t h e  c o n t a c t  l i n e  f i x e d ,  
6zL = 0, o r  t h e  c o n t a c t  a n g l e  ~ n c h a n g e d ,  ( QLV = c o s  0 ,  where 0  is  t h e  c o n t a c t  
angfe )  . These c o n d i t i o n s  d e f i n e  a  v a r i a t i o n a l  problem e q u i v a l e n t  t o  t h e  Young-Laplace 
equa t ion  of c a p i l l a r i t y  - a  normal stress ba lance  - w i t h  a p p r o p r i a t e  boundary c c n d i t i o n s  
a t  t h e  c o n t a c t  l i n e :  
c a p i l l a r y  p r e s s u r  
"7 \\ normal i n t e r f a c e  p e r t u r b a t i o n  
- I 
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LLSv \ \ u n i t  normal t o  s o l i d  s u r f a c e  
L c o s i n e  of c o n t a c t  a n g l e  6 
~ q .  [2]  makes p l a i n  t h a t  t h e  van i sh ing  v a r i a t i o n  f o r c e s  t h e  Young-Laplace r e s i d u a l ,  
2H -(m - pL)/oLV, and l i k e w i s e  t h e  young-~upr6  r e s i d u a l ,  c o s  0  - (as"  - oLS)/oL; , t o  be 
orkyogona l ( a s  viewed i n  t h e  a p p r o p r i a t e  f u n c t i o n  space)  t o  a d m i s s i b l e  nr rmal pe r tu rba-  
t i o n s .  
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A d r o p  o f  l i q u i d  t r a p p e d  between two p e r p e n d i c u l a r  cy l inde r? .  o f  e q u a l  r a d i i  ir o f  in -  
terest. When t h e  c y l i n d e r s  t ouch ,  t h e i r  p o i n t  o f  c o n t a c t  i s  t a k e n  a e  t h e  o r i g i n  ( F i g .  2 ) .  
S p h e r i c a l  c o o r d i n a t e s  a r e  used  to o b t a i n  a s i n g l e - v a l u e d  r e p r e s e n t a t i o n  o f  t h e  l i q u i d -  
vapor  i n t e r f a c e .  A s p h e r e  o f  r a d i u s  R, e q u a l  t o  t h e  c y l i n d e r  d i a m e t e r ,  is c h o r e n  a s  t h e  
oaee  s u r f a c e  and i s  c e n t e r e d  a t  t h e  o r i g i n .  
The unknown p o e i t i o n  o f  t h e  i n t e r f a c e ,  meaaured i n  t h e  u n i t s  o f  R ,  is 
Analogouely ,  t h e  i n t e r f a c e  p e r t u r b a t i o n  is 
Fur the rmore ,  i n  t h e  c a s e  o f  s p h e r i c a l  r e p r e s e n t a t i o n ,  Weinqa r t en ' s  f o r m u l a s  r e l a t e  t h e  
mean c u r v a t u r e  of t h e  i n t e r f a c e  t o  t h e  d i v e r g e n c e  o f  t h e  u n i t  normal on  t h e  u n i t  s p h e r e  Q : 
T h i s ,  t o g e t h e r  w i t h  t h e  d i v e r ~ e n c e  theorem,  l e a d s  t o  t h e  weak form o f  Eq. [ 2 ]  : 
\ p r o j e c t e d  domain on u n i t  s p h e r e  
p r o j e c t e d  b ino rma l  of c o n t a c t  l i n e  
p r o j e c t e d  c o n t a c t  l i n e  
2 .  G a l e r k i n / f i n i t e  e l emen t  method- 
The main s t e p s  of t h e  f i n i t e  e l emen t  a l g o r i t h m  c a n  b e  o u t l i n e d  a s  f o l l o w s :  
( i )  The problem 1s n o n l i n e a r  and s o  an  i n i t i a l  e s t i m a t e  o f  d r o p  shape  (and c o n t a c t  
t i n e  p o o i t i o n )  is  needed t h a t  f a l l s  w i t h i n  t h e  domain of convergence  o f  t h e  
i t e r a t i o n  method. E s t i m a t e  from e i t h e r  a n a l y s i s  o f  a l i r l i t i n g  c a s e  o r  e x p e r i -  
m e n t a l  o b s e r v a t i o n s  o r  a b l end  of b t h .  The l a b t  l e a d s  t o  t h e  i n s i d e  s u r f a c e  o f  
a smalZ t o r u e  a s  a n  i n i t i a l  g u a s s .  
( i i)  To d i r c r e t i z e  t h e  problem, p a r t i t i o n  t h e  c o r r e s p o n d i n g  s p ~ a e r i c a l  domain ( F i g .  3 )  
i n t o  c u r v i i . : n e a r  q u a d r i l a t e r a l s  between t h e  e q u a l l y  spaced  s p i n e s  4 = c o n s t a n t  
( c f .  Kistler 1 9 8 1 ) .  The s r . n e s  remain  f i x e d  b u t  t h e  nodes  o f  t h e  q u a d r i l a t e r a l s  
car. move a long  them. L e t  '-he nivnber of nodes  i n  t h e  p a r t i t i o n  be N .  
( iii) C o n s t r u c t  a f i n i t e  e l emen t  b a s i s  f u n c t l o n  Y' (8  ,@) f o r  t h e  subdomain around each  
node ( c f .  Brown, O r r ,  an? S c r i v e n  1979) : 
- choose  t h e  b i q u a d r a t i c  polynomial  on  t h e  ( F ,  rl) - u n i t  s q u a r g ,  
- map e a c h  q u a d r i l a t e r a l  i s o p a r a m e t r i c a l l y  ( 8  ,@) + ( 4 ,  n) o n t ~  t h e  u n i t  s q u a r e .  
T h i s  p r o c e d u r e  t r a n s f o r m s  t h e  o r i g i n a l ,  f r e e  boundary domain R i n  ( e l $ ) -  
c o o r d i n a t e s  i n t o  a f i x e d  s q u a r e  i n  t h e  map ( f  ,n) (Stra.1g and F i x  1 9 7 3 ) .  
( i v )  Approximate t h e  d r ~ p  shape  a s  
- noda l  v a l b e s  a .  a r e  t h e  c o e f f i c i e n t s  t o  b e  found.  1 
(vl Approximate t h e  shape p e r t u r b a t i o n  a s  
- t a k e  y .  a s  a r b i t r a r y  c o e f f i c i e n t s .  Because t h e  y .  's a r e  a r b i t r a r y ,  t h e  
~ a l e r k d  weighted r e s i d u a l s  - t o  which Eq. [6] t rankforms under ( i v )  and 
(v )  - must van i sh  a t  equ i l ib r ium.  T h i s  b r i n g s  o u t  t h e  d i r e c t  l i n k  between 
t h e  Ca te rk in  and o a r  Sa t iona t  approach. 
( v i )  Soive t h e  r e s u l t i n g  N nonlirlear a l g e b r a i c  e q u a t i o n s  f o r  t h e  c o e f f i c i e n t s  ai 
us ing Newton's method. 
- update  t h e  o r i g i n a l  domain i n  each i t e r a t i o a  
- u s e  t h e  Jacobian f o r  c o n t i n u a t i o n  i n  t h e  parameter (pV - pL)/oLV o r  V. 
( v i i )  Terminate i t e r a t i o n  when t h e  L, norm of r e s i d u a l s ,  i.e. t h e  l a r g e s t  r e s i d u a l ,  
i s  smal le r  than  a p r e s e t  v a l u e ,  e.g. 10-6 ( a s  was a c t u a l l y  u s e d ) .  
The a lgor i thm was programmed i n  F o r t r a n  and executed on a CDC CYBER-74 computer. I, 
took c a .  2 s e c / i t e r a t i o n  f o r  169 unknowns and t h r e e  t o  a t  most f i v e  i t e r a t i o n s  t o  converge. 
A sequence of drop s h a s e s  i n  o r d e r  of  i n c r e a s i n g  volume is  shown i n  F ig .  4 
(R(pv - pL)/ofl, I LMBDA). A s  c a p i l l a r y  p r e s s u r e  d e c r e a s e s ,  t h e  l i q u i d  forms d r o p s  of 
inc reas ing  vo ume and f i n a l l y  e n c i r c l e s  bo th  c y l i n d e r s .  The p l o t t e d  d r o p s  a r e  s t a b l e ,  
including t h e  l a r g e s t  one - t h e  s u r f a c e  of  whizh c o v e r s  more t h a n  h a l f  o f  t h e  c y l i n d e r  
c ross - sec t ion .  
3.  P r a c t i c a l  q u a n t i t i e s  
Drops of l i q u i d  caught  between c rossed  f i b e r s  o f  non-woven f a b r i c s  draw them t o g e t h e r  
by c a p i l l a r y  a c t i o n  and, when t h e  l i q u i d  s o l i d i f i e s ,  f a s t e n  t h e  f i b e r s  t o s e t h e r .  S i m i l a r  
phenomena occur  i n  pase r ,  where water  a t  t i m e s  forms d r o p l e t s  by c a p i l l a r y  condensa t ion  
from humid a i r .  Liquid d rops  between f i b e r s  a r e  s l s o  p r e s e n t  a t  c e r t a i n  s t a g e s  o f  o i l y  
s o i l  removal by d e t e r g e n t  a c t i o n .  Furthermore,  d rop  behavior  between c r o s s e d  c y l i n d e r s  
is important t o  d i r e c t  measurement of adhes ive  f o r c e s  betdeen s o l i d  s u r f a c e s  i n  t h e  pre-  
sence of capi l lary-condensed l i q u i d s  (Fishe--  and I s r a e l a c h v i l i  1981) .  These and o t h e r  
a p p l i c a t i o n s  c a l l  f o r  computation of t h e  fol lowing p r a c t i c a l l y  impor tan t  q u a n t i t i e s :  
(i) drop  volume V 
(ii) w e t t ~ '  a r e a  of each c y l i n d e r  A 
(iii) c a p i l - a r y  f o r c e s  exer ted  by d r o p  
- c a p i l l a r y  p r e s s u r e  f o r c e  (pv - pL) I ez . cLV dS 
s ~ v  
- s u r f a y e  t e n s i o n  f o r c e  oLv I e, inLv 
L ~ s v  
- t h e i r  sum: t o t a l  f o r c e  holding c rossed  c y l i n d e r s  t o g e t h e r .  
Fig .  5 shows t h a t  t h e  t o t a l  f o r c e  on t h e  c y l i n d e r s  i n c r e a s e s  w i t h  t h e  w e t t a b i l i t y  of 
t h e  s o l i d  by t h e  l i q u i d .  A s  can be seen Zrom Fig.  6 ,  t h e  components of t o t a l  f o r c e  va ry  
widely wi th  t h e  drop volume bu t  t h e i r  sum i n c r e a s e s  s lowly and approaches  a n  ~ s y m p t o t i c  
l i m i t  as t h e  volume s h r i n k s  t o  zero.  That l i m i t  i s  4 n oyaV(R/2) c o s  B ( F i s h e r  and 
I s r a e l a c h v i l i  1 9 8 1 ) ,  and becomes a good approximation f o r  R(pV - pL)/cLV l o 4 ,  i.e. f o r  
very small  drops .  I f  t h e  mean c u r v a t u r e  is  taken  a s  t h e  i n d e ~ e n d e n t  parameter ,  t h e  d rop  
volume grows extremely s e n s i t i v e  t o  it a s  t h e  c o n t a c t  a n g l e  d e c r e a s e s  (F ig .  7 1 ,  whereas 
t h e  t o t a l  f o r c e  aqa1.n approaches t h e  l i m i t  (F ig .  8 ) .  
Sununary and conclu.s= 
What i s  desc r ibed  h e r e  is a n  s t e n s i o n  c f  e a r l i e r  a n a l y s e s  of  three-dimensional  menis- 
cus  shapes ( O r r ,  Brown and Striven 1977) . 
Besides y i e l d i n g  equ i l ib r ium shapes  of  d rops  w i t h  f i z e d  c o n t a c t  l i n e s ,  a s  i n  p a s t  3-D 
ana lyses ,  t h e  a lgor i thm used h e r e  a l s o  g i v e s  shapes  of d r o p s  w i t h  a prescr ibed  aon tac t  
a n g l e ,  which is  sometimes a c l o s e r  approximation t o  r e a l i t y .  
Computations f o r  o t h e r  c a s e s  o f  3-D menisc i  making a p r e s c r i b e d  c o n t a c t  a n g l e  can  be 
t r e a t e d  s i m i l a r l y .  Augmented by a block-Lanczos method f o r  s o l v i n g  t h e  r e l a t e d  
eigenproblem (see Brown and Scriver, 1980 1 , the algorithm tests s t a b i l i t y  rj t h  respect to 
a d m i s s i b l e  perturbations w i t h  t h e  contact line fixed. The case of prescribed contact 
a n g l e  is more d i f f i c u l t  but i s  also being treated In the continuation of t h i s  work. 
The results show that total c a p i l l a r y  fcrce between cylindels increases with decrensing 
contact a n g l e ,  i . t .  with better wett ing .  Capillary force also increases with d~crsaaing 
drop volume, approaching an asymptotic l i m i t .  However, the wetted area on each cylinder 
decreases w i t h  decreas ing drop volume, which raises the question of the optimum drop v o l -  
ume to strive Ior, when permanent bonding is sought from s o l i d i f i e d  liquid. For then t h e  
strength of the bond i s  likely to  depend upon t h e  area of contact, which is the wetted 
area when the  bonding agent w r s  introduced in llquid form. 
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Fig. 1. Liquid drop caught between crossed cylinders 
TWO cyl inders of  equal radi i  crossed 
a t  r ight  angle - coordinate S Y s t a  
Fig. 3 
rveical comp~t.tional domain i n  spherical  coordinates 
Fig .  4 
Sequence of  drop shapes i n  order o f  increasing volume. 
Dimensionless capi l lary  pressure R(pv - pL)/oLV = LAMBDA. 
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Fig.  5 
Total force  exerted by drop 
on each cyl inder v s .  drop vol me. 
Fig. 6 
Cunponentr of  the  t o t a l  force  
ve. drop volume. 
Fig. 7 
Drcp volume vs. 
capillary pressure 
Fig. 8 
Forces exerted by 
drop on each cylinder 
vs. capillary pressure 
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F i g .  9 
Wetted area on each cylinder vs. drop volume 
